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Abstract: We present a detailed phenomenological study of the multiple soft gluon radia-
tion for the t-channel single top and anti-top quark production at the Large Hadron Collider
(LHC). By applying the transverse momentum dependent factorization formalism, large log-
arithms introduced by small total transverse momentum q⊥ of the single-top (anti-top) plus
one-jet final state system are resummed to all orders in the expansion of the strong interac-
tion coupling at the accuracy of Next-to-Leading Logarithm. We discuss various kinematical
distributions which are sensitive to this effect and find that soft gluon radiation become more
important when the final state jet is required to be in the forward region. We show that the
main difference from PYTHIA prediction lies on the inclusion of the exact color coherence
effect between the initial and final states in our resummation calculation. We further propose
to apply the experimental observable φ∗ to test the effect of multiple gluon radiation in the
single-top and anti-top events. The bottom quark mass effect and jet rapidity distribution
are also discussed.
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1 Introduction
Top quark has its mass around the electroweak symmetry breaking scale and is expected to
play an important role of testing the Standard Model (SM) and provide a window to new
physics (NP) of beyond the SM. At the CERN Large Hadron Collider (LHC), top quarks can
be produced by the electroweak gauge interaction [1–4]. Its cross section is proportional to
the Wtb coupling [5–18] and Cabibbo-Kobayashi-Maskawa (CKM) matrix element Vtb [9, 19].
Hence, it offers a promising way to constrain various Wtb anomalous couplings, induced by
NP, or determine Vtb without assuming the generation of quarks. Furthermore, top quarks
produced from the electroweak process are highly polarized, and the degree of polarization of
the top quark in the single top quark process events can be used to discriminate New Physics
models at the LHC [20–36], e.g. the W ′ gauge boson from G(221) models [29–31], new heavy
fermions [34–36] and charged scalars [32, 33]. In addition, single top quark production can
also be used to measure top quark mass [37, 38] and constrain the light quark PDFs [39].
Therefore, a precise study of both the inclusive and differential cross sections of single top
quark events is vital to test the SM and search for NP.
At the LHC, single top quark is predominantly produced through t-channel mode. The
total and differential cross sections have been measured by the ATLAS and CMS collabora-
tions at
√
s = 7 TeV [40, 41],
√
s = 8 TeV [42, 43] and
√
s = 13 TeV [44, 45]. These results
are consistent with the SM predictions [46–48]. The single top quark production and decay
in hadron collision at the next-to-leading order (NLO) accuracy in QCD correction, has been
known for many years [49–66]. Recently, the dominant part of the next-to-next-to-leading
order (NNLO) QCD correction to predicting the detailed kinematical distributions, including
proper spin correlations, in t-channel single top events, has been discussed in Refs. [46–
48]. Beyond the fixed order calculation, the threshold resummation technique is also widely
discussed to imporve the inclusive production rate of the single-top quark event in the liter-
atures [67–72]. Furthermore, the accuracy of transverse momentum distribution of the top
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quark could also be improved by summing over large logarithms ln(m2t /s4) with s4 → 0,
where s4 = sˆ+ tˆ+ uˆ−m2t , in which sˆ, tˆ and uˆ are the usual Mandelstam variables [67–72].
In a recent publication [73], we studied kinematical distributions of t-channel single top
events by applying the transverse momentum (q⊥) resummation formalism to sum over large
logarithms ln(Q2/q2⊥), with Q  q⊥, to all orders in the expansion of the strong interaction
coupling (gs) at the next-to-leading-logarithm (NLL) accuracy. Here, Q and q⊥ are the
invariant mass Q and total transverse momentum q⊥ of the single-top plus one-jet final state
system, respectively. The q⊥ resummation technique is based on the transverse momentum
dependent (TMD) factorization formalism [74], which has been widely discussed in the color
singlet processes, such as Drell-Yan production [75, 76]. Extending the q⊥ resummation
formalism to processes with more complex color structure are also discussed widely recently,
e.g. heavy quark production [77–79], and processes involving multijets in the final state [73,
80–90]. For those processes, additional large logarithms, induced by soft gluon radiation from
color coherence effects, need to be resummed via the modified q⊥ resummation formalism.
As shown on the Ref [73], the q⊥ spectrum of t-channel single top quark production
strongly depends on the color coherence effects between the initial state and final state jets
and the treatment of bottom quark mass in the resummation calculation. The sub-leading
logarithms from soft gluon interaction play an even more important role when the final state
jet is required to be in the forward region, which is identified as the t-channel single top signal
region, where our resummation prediction is different with PYTHIA parton shower result.
In the present paper, we present details of our results in Ref. [73]. In Sec. 2, we present
the detail of our resummation calculation. Its phenomenology is discussed in Sec. 3. Our
conclusion is given in Sec. 4.
2 Factorization and Resummation
We consider the process pp → t(t¯) + jet + X at the LHC. Using the TMD resummation
formalism presented in Ref. [82], the differential cross section of the t-channel single top
quark production process can be written as
d4σ
dytdyJdP 2J⊥d2q⊥
=
∑
ab
[∫
d2~b
(2pi)2
e−i~q⊥·~bWab→tJ(x1, x2,b) + Yab→tJ
]
, (2.1)
where yt and yJ are the rapidities of the top quark and the final state jet, respectively; PJ⊥
and q⊥ are the transverse momenta of the jet and the total transverse momentum of the
top quark and the jet system, i.e. ~q⊥ = ~Pt⊥ + ~PJ⊥. The Wab→tJ term contains all order
resummation contribution, in powers of ln(Q2/q2⊥), and the inclusion of the Yab→tJ term is
to account for the part of fixed-order corrections which are not included in the expansion of
the Wab→tJ term to the same order in strong coupling constant gs. The variables x1, x2 are
momentum fractions of the incoming hadrons carried by the partons, with
x1,2 =
√
m2t + P
2
t⊥e
±yt +
√
P 2J⊥e
±yJ
√
S
, (2.2)
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where mt and S are the top quark mass and squared collider energy, respectively.
The above W term can be further written as
Wab→tJ (x1, x2,b) = x1 fa(x1, µF = b0/b∗)x2 fb(x2, µF = b0/b∗)e−SSud(Q
2,µRes,b∗)e−FNP (Q
2,b)
× Tr
[
Hab→tJ(µRes)exp[−
∫ µRes
b0/b∗
dµ
µ
γs†]Sab→tJ(b0/b∗)exp[−
∫ µRes
b0/b∗
dµ
µ
γs]
]
,
(2.3)
where Q2 = sˆ = x1x2S, the hard scale of this process, b0 = 2e
−γE with γE being the Euler con-
stant 0.5772, fa,b(x, µF ) are parton distribution functions (PDF) for the incoming partons a
and b, and µRes represents the resummation scale of this process. Here, b∗ = b/
√
1 + b2/b2max
with bmax = 1.5 GeV
−1, which is introduced to factor out the non-perturbative contribution
e−FNP (Q2,b), arising from the large b region (with b b∗) [91–94],
FNP (Q2,b) = g1b2 + g2 ln Q
Q0
ln
b
b∗
, (2.4)
where g1 = 0.21, g2 = 0.84 and Q
2
0 = 2.4 GeV
2 [94]. In this study, we shall use CT14NNLO
PDFs [95] for our numerical calculation. Hence, our resummation calculation should be
consistently done in the General-Mass-Variable-Flavor (GMVR) scheme that the PDFs are
determined. The bottom quark PDF is set to zero when the factorization scale µF is below
the bottom quark mass threshold, i.e. µF < mb. To properly describe the small q⊥ region
(for q⊥ < mb), the S-ACOT scheme [96–99] is adopted to account for the effect from the
(non-zero) mass of the incoming bottom quark in the hard scattering process. In Refs. [100–
102], a detailed discussion has been given on how to implement the S-ACOT scheme in the
q⊥ resummation formalism, for processes initiated by bottom quark fusion. In short, the
S-ACOT scheme retains massless quark in the calculation of the hard scattering amplitude
(of qb→ q′t), but with the (bottom quark) mass dependent Wilson coefficient C(1)b/g(x,b, µF ),
to account for the contribution from gluon splitting into a bb¯ pair [100–102],
C
(1)
b/g(z,b,mb, µF ) =
1
2
z(1− z)bmbK1(bmb) + P (1)q/g(z)
[
K0(bmb)− θ(µF −mb) ln µF
mb
]
(2.5)
where the factorization scale µF = b0/b, K0(z) and K1(z) are the modified Bessel functions,
P
(1)
q/g(z) is the gluon splitting kernel. This expression reduces to the massless result when
1/b mb [101],
C
(1)
b/g(z,b,mb = 0, µF ) =
1
2
z(1− z)− ln µFb
b0
P
(1)
q/g(z). (2.6)
The hard and soft factors H and S are expressed as matrices in the color space of ab → tJ ,
and γs is the associated anomalous dimension of the soft factor. The Sudakov form factor
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SSud resums the leading double logarithm and the sub-leading logarithms,
SSud(Q
2, µRes, b∗) =
∫ µ2Res
b20/b
2∗
dµ2
µ2
[
ln
(
Q2
µ2
)
A+B +D1 ln
Q2 −m2t
P 2J⊥R2
+D2 ln
Q2 −m2t
m2t
]
,
(2.7)
where R represents the cone size of the final state jet. Here the parameters A, B, D1 and D2
can be expanded perturbatively in αs, which is g
2
s/(4pi). At one-loop order,
A = CF
αs
pi
, B = −2CF αs
pi
, D1 = D2 = CF
αs
2pi
, (2.8)
with CF = 4/3. In our numerical calculation, we will also include the A
(2) contribution
, because it is associated with the incoming parton and is universe for all hard processes
initialed by the same incoming parton [103],
A(2) = CF
(αs
pi
)2 [(67
36
− pi
2
12
CA
)
− 5
18
Nf
]
, (2.9)
where CA = 3 and Nf = 5 is the number of effective light quarks. The cone size R is
introduced to regulate the collinear gluon radiation associated with the final state jet [73, 80–
86].
The soft gluon radiation can be factorized out based on the Eikonal approximation
method, i.e. for each incoming and outgoing color particles, the soft gluon radiation is fac-
torized into an associated gauge link along the particle momentum direction. The color
correlation between the color particles in this process is expanded by a group of orthogonal
color bases. For the t-channel single top quark production, there are two orthogonal color
configurations,
Cij1kl = δikδjl, C
ij
2kl = T
a′
ikT
a′
jl , (2.10)
where i, j are color indices of the two incoming partons, k, l are color indices of the jet and
the top quark in final states and a′ is color index of the gluon. We follow the procedure of
Ref. [82] to calculate the soft factor. Its definition in such color basis can be written as,
SIJ =
∫ pi
0
dφ
pi
Cbb
′
Iii′C
aa′
Jll′〈0|L†vcb′(b)Lv¯bc′(b)L†v¯c′a′(0)Lvac(0)L†nji(b)Ln¯i′k(b)L†n¯kl(0)Lnl′j(0)|0〉 ,
(2.11)
where we integrated out the azimuthal angle of the top quark and traded the relative azimuthal
angle φ for the q⊥. I and J represent the color basis index, n and n¯ represent the momentum
directions of the top quark and the jet in this process, v and v¯ are the momentum directions
of the initial states. The gauge link Lv(ξ) is defined along the v direction
Lv(ξ) ≡ Pexp
(
−igs
∫ 0
−∞
dλv ·A(λv + ξ)
)
. (2.12)
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In this basis, the LO soft function is given by
S(0) =
[
C2A 0
0 CACF2
]
, (2.13)
At the NLO level, the soft function can be represented as
S(1) =
∑
i,j
WijIij , (2.14)
where Wij is the color matrix element. For subprocess ub→ dt [82]
W11 =W22 = CFS
(0),
W12 =W34 =
 0 −CACF2
−CACF
2
CF
2

W13 =W24 =
C2ACF 0
0 −CF
4
 ,
W14 =W23 =
 0 CACF2CACF
2
1
4
(C2A − 2)CF
 . (2.15)
For subprocess d¯b→ u¯t,
W11 =W22 = CFS
(0),
W12 =W34 =
 0 CACF2CACF
2
1
4
(C2A − 2)CF
 ,
W13 =W24 =
C2ACF 0
0 −CF
4
 ,
W14 =W23 =
 0 −CACF2
−CACF
2
CF
2
 . (2.16)
Iij represents the kinematic integral for the soft gluon radiation between i and j gauge links,
Iij =
αs
2pi2
∫ pi
0
(sinφ)−2dφ√
piΓ(1/2−)
Γ(1−)
∫
dk+dk−
ni · nj
(k · ni)(k · nj)δ(k
2)θ(k0), (2.17)
where k represents the radiated gluon momentum, ni,j are dimensionless vectors along the
directions of momentum pi,j . The soft factor of the t-channel single top quark production
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process at the NLO level is
S(1) =− αs
2pi
S(0) CF ln
µ2b2∗
b20
[
−1 + ln
(
sˆ−m2t
R2P 2J⊥
sˆ−m2t
m2t
)]
− αs
2pi
[
2 Ξ ln
µ2b2∗
b20
+ S
]
, (2.18)
where Ξ is process dependent, with
Ξub→dt =
1
2
 2CFC2A T CFCA U
CFCA U
1
2(C
2
A − 2)CF U − CF2 T
 , (2.19)
Ξd¯b→u¯t =
1
2
 2CFC2A T −CFCA U
−CFCA U CF U − CF2 T
 , (2.20)
and
T = ln(
−tˆ
sˆ
) + ln(
−(tˆ−m2t )
sˆ−m2t
), U = ln(
−uˆ
sˆ
) + ln(
−(uˆ−m2t )
sˆ−m2t
). (2.21)
Here sˆ = x1x2S, tˆ = (pu− pd)2, uˆ = (pb− pd)2 for the ub→ dt process, while for the d¯b→ u¯t
process, tˆ = (pd¯ − pu¯)2 and uˆ = (pb − pu¯)2. The matrix S is also process dependent,
Sub→dt = CF
 C2A(IS + IL) −(I3,4 − IS)CA2
−(I3,4 − IS)CA
2
1
2
I3,4 +
(C2A − 3)
4
IS +
CACF
2
IL
 , (2.22)
Sd¯b→u¯t = CF
 C2A(IS + IL) (I3,4 − IS)CA2
(I3,4 − IS)CA
2
(C2A − 2)
4
I3,4 +
1
4
IS +
CACF
2
IL
 , (2.23)
where
IL = ln
m2t
m2t + P
2
J⊥
, IS =
[
1
2
ln2(
1
R2
)− Li2(−P
2
J⊥
m2t
)
]
. (2.24)
The I3,4 represents the kinematic integral for the soft gluon radiation between the final state
jet and top quark gauge links [88], and
I3,4 = −Li2m
2
t + tˆ− uˆ
tˆ
− Li2 (2m
2
t − sˆ)(m2t − tˆ)
sˆtˆ
+ Li2
(sˆ− 2m2t )tˆ
sˆuˆ
− ln m
2
t − uˆ
m2t + tˆ− uˆ
ln
−m2t (m2t + tˆ− uˆ)
sˆuˆ
+ ln
−tˆ
m2t + tˆ− uˆ
ln
(m2t − sˆ)(m2t + tˆ− uˆ)
sˆuˆ
+ (tˆ↔ uˆ)− ln sˆ−m
2
t
m2t
ln
tˆuˆ
m4t − (tˆ− uˆ)2
− ln P
2
J⊥R
2sˆ
tˆuˆ
ln
sˆ−m2t
−P 2J⊥R2
− 1
2
ln2
P 2J⊥R
2
sˆ− 2m2t
− 1
2
ln2
m2t
2m2t − sˆ
+
1
2
ln2
sˆ−m2t
2m2t − sˆ
− ln sˆ−m
2
t
2m2t − sˆ
ln
P 2J⊥R
2
sˆ− 2m2t
+ 2 ln
sˆ−m2t
2m2t − sˆ
ln
P 2J⊥R
2
sˆ−m2t
+ ln
m2t
2m2t − sˆ
ln
m2t sˆ
tˆuˆ
− 2 ln 2m
2
t − sˆ
m2t − sˆ
ln
m2t
2m2t − sˆ
− 2Li2 m
2
t
sˆ−m2t
− pi
2
3
.
(2.25)
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In the massless limit of the top quark, it will recover the result of dijet production, as in
Ref. [82],
I3,4 =
1
2
ln2
1
R21
+
1
2
ln2
1
R22
+
pi2
3
− 4 ln −sˆ
tˆ
ln
−sˆ
uˆ
, (2.26)
where R1 and R2 are the radii of the two cone jets.
SIJ satisfies the renormalization group equation,
d
d lnµ
SIJ(µ) = −
∑
L
SILΓ
S
LJ −
∑
L
ΓS†ILSLJ , (2.27)
where
ΓS =
αs
2pi
[
−1 + ln sˆ−m
2
t
R2P 2J⊥
+ ln
sˆ−m2t
m2t
]
CFΓ
E + γS. (2.28)
Here ΓE is an identity matrix and γS is the associated anomalous dimension. We obtain
γSub→dt =
αs
pi
CF T CF /CA U
U 12(CA − 2/CA)U − 12CA T
 ,
γSd¯b→u¯t =
αs
pi
CF T −
CF
2CA
U
−U − 12CA (T − 2U)
 . (2.29)
The jet function originated from the collinear gluon radiation of jet . In this work, we
apply the anti-kT jet algorithm as in Refs. [82, 104], and
Jq =
αsCF
2piΓ(1− )
[
1
2
+
1

(
3
2
− ln P
2
J⊥R
2
µ2Res
)
+ Iq
]
, (2.30)
where  = (D − 4)/2 in D-dimensional regularization, and the finite term Iq is
Iq =
1
2
(
ln
P 2J⊥R
2
µ2Res
)2
− 3
2
ln
P 2J⊥R
2
µ2Res
+
13
2
− 2
3
pi2. (2.31)
The singular terms in the jet function are independent of jet algorithm, while the finite
term Iq depends on the jet clustering algorithm. The contribution from the jet function is
proportional to the leading order cross section and has been included in the following hard
matrix H.
The hard matrix in the color basis of Eq. (2.10) can be expressed as
H =
[
H(0) +H(1) H
(1)
12
H
(1)
12 0
]
, (2.32)
where H(0) denotes the leading order hard matrix element, which is given as
H(0)(ub→ dt) = 1
C2A
g4sˆ(sˆ−m2t )
4(tˆ−m2W )2
|Vud|2|Vtb|2, (2.33)
– 7 –
with g being the SU(2)L gauge coupling. The CKM matrix element Vij needs to change in
accordance with the quark flavors of the hard scattering process. mW is the W -boson mass.
The spin and color average factors have been included. Another t-channel matrix element
H(0)(u¯b→ d¯t) can be obtained by exchange sˆ to uˆ. The hard matrix elements H(1) and H(1)12
are from one-loop QCD correction. The numerical result shows that the contribution from
H
(1)
12 can be ignored and the analytical result can be obtained from Eq. (A.7) of Ref. [69] by
crossing symmetry (by exchanging sˆ↔ tˆ for ub→ dt production process), thus we only show
the diagonal element H(1) as below.
H(1) =
αs
2pi
H(0)
[
− ln2(1− λ)− ln(1− λ)
λ
− 2 ln(1− λ)− 2 ln(1− λ) ln sˆ
m2t
+ ln
µ2Res
sˆ
(
−2 ln(1− λ)− ln sˆ
m2t
− 2 ln −sˆ
tˆ
− 11
2
)
− 1
2
ln2
sˆ
m2t
− 5
2
ln
sˆ
m2t
− 3
2
ln
P 2J⊥R
2
µ2Res
+2Li2(λ) +
1
2
ln2
P 2J⊥R
2
µ2Res
− 3
2
ln2
µ2Res
sˆ
− ln2 −sˆ
tˆ
− 3 ln −sˆ
tˆ
− 5pi
2
6
− 15
2
]
+ δH(1),
(2.34)
where λ = tˆ/(tˆ−m2t ), and the δH(1) is not proportional to the leading order cross section,
δH(1) =
αs
2pi
1
4C2A
g4CFm
2
t
(tˆ−m2W )2
sˆuˆ
tˆ
ln
m2t
m2t − tˆ
|Vud|2|Vtb|2, (2.35)
where the spin and color average factors have also been included.
We should note that the non-global logarithms (NGLs) could also contribute to this
process. The NGLs arise from some special kinematics of two soft gluon radiations, in which
the first one is radiated outside of the jet which subsequently radiates a second gluon into the
jet [105–108]. Numerically, the NGLs are negligible in this process since it starts at O(α2s).
Therefore we will ignore their contributions in the following phenomenology discussion.
3 Phenomenology
Below, we present the numerical result of resummation calculation for the t-channel single
top (anti-) quark production at the
√
S = 13 TeV LHC with CT14NNLO PDF [95]. Figure 1
shows the q⊥ distribution from the asymptotic piece (blue dashed line), NLO calculation (red
dotted line), resummation prediction (black solid line) and Y -term (orange dot-dashed line)
for the top quark (a, b) and the anti-top quark (c, d) production. Here, the asymptotic piece
is the fixed-order expansion of Eq. (2.1) up to the αs order, and is expected to agree with the
NLO prediction as q⊥ → 0. In the same figure, we also compare to the prediction from the
parton shower event generator PYTHIA 8 [109] (green solid line), which was calculated at the
leading order, with CT14LO PDF. For the fixed-order calculation, both the renormalization
and factorization scales are fixed at HT ≡
√
m2t + P
2
J⊥+PJ⊥. Similarly, in the resummation
calculation, the canonical choice of the resummation (µRes) and renormalization (µren) scales is
– 8 –
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Figure 1. The q⊥ distribution from the asymptotic result (blue dashed line), NLO calculation (red
dotted line), resummation prediction (black solid line), parton shower result by PYTHIA 8 (green
solid line) and Y -term (orange dot-dashed line) for the t-channel single top quark production (a, b)
and the anti-top quark production (c, d) at the
√
S = 13 TeV LHC with |yt| < 3 and |yJ | ≤ 4.5
(a, c), or 3.0 ≤ |yJ | ≤ 4.5 (b, d) . The resummation and renormalization scales are choose as
µ = µRes = µren = HT .
taken to be HT in this study. The uncertainties of the resummation predictions are estimated
by varying the scale µRes = µren by a factor two around the central value HT , which is
shown in Fig. 2. The jet cone size is choose as R = 0.4, using the anti-kT algorithm, and the
Wolfenstein CKM matrix elements parameterization is used in our numerical calculation [110].
We shall compare predictions for two different sets of kinematic cuts, with |yt| ≤ 3 and
PJ⊥ > 30 GeV, and |yJ | ≤ 4.5 in (a, c), and 3 ≤ |yJ | ≤ 4.5 in (b, d) of Fig. 1, respectively.
Some results of the comparison are in order. Clearly, the asymptotic piece and the fixed-order
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Figure 2. The scale uncertainties for the t-channel single top quark production (a) and the anti-top
quark production (b) at the
√
S = 13 TeV LHC with |yt| < 3, |yJ | ≤ 4.5 and PJ⊥ > 30 GeV. The
resummation and renormalization scales are varied from HT /2 to 2HT .
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Figure 3. The ratio of the resummation and PYTHIA prediction for the t-channel single top quark
production (a) and anti-top quark production (b) at the
√
S = 13 TeV LHC with |yt| < 3, PJ⊥ >
30 GeV and |yJ | ≤ 4.5 (blue dashed line), or 3.0 ≤ |yJ | ≤ 4.5 (red solid line). The resummation and
renormalization scales are choose as µ = µRes = µren = HT .
calculation results agree very well in the small q⊥ (less than 1 GeV) region. As a further check
of our resummation calculation, we integrate out the q⊥ distribution to compare the total
cross section with that predicted by the NLO program MCFM [111]. In the resummation
framework, the NLO total cross section can be divided into two parts, the small q⊥ region,
which can be obtained by integrating the distribution of the asymptotic part and the one-
– 10 –
loop virtual diagram contribution, and the large q⊥ part, which is infrared safe and can be
numerically calculated directly. Thus, the total cross section is given by
σNLO =
∫ q2⊥,0
0
dq2⊥
dσvirtual+realNLO
dq2⊥
+
∫ ∞
q2⊥,0
dq2⊥
dσrealNLO
dq2⊥
.
(3.1)
It is obvious that the two contributions on the right-hand side side of the above equation
depend on the cut-off parameter q⊥,0 individually, but their sum is indepdendt of it. We
show the total NLO cross section of pp → t(t¯) + jets as a function of q⊥,0, in Fig. 4. It is
clear that the total cross sections of top quark and anti-top quark do not depend on q⊥,0,
which varies from 0.1 GeV to 1.5 GeV. We also checked that the total cross sections from our
resummation and MCFM calculations are in perfect agreement.
As shown in Fig. 1, the NLO prediction is not reliable when the q⊥ is small. The
resummation calculation predicts a well behavior q⊥ distribution in the small q⊥ region since
the large logarithms have been properly resummed. In Fig 3, we compare the predictions
from our resummation calculation to PYTHIA by taking the ratio of their q⊥ differential
distributions shown in Fig. 1. With the jet rapidity |yJ | ≤ 4.5 (blue solid line), its ratio is
not sensitive to q⊥, for either single top (a) or anti-top quark (b) production. Hence, they
predict almost the same shape in q⊥ distribution, while they predict different fiducial total
cross sections because PYTHIA prediction includes only leading order matrix element and is
calculated with CT14LO PDFs. However, if we require the final state jet to be in the forward
rapidity region, with 3 ≤ |yJ | ≤ 4.5 (red solid line), which is the so-called signal region
of single top events [42], we find that PYTHIA prediction disagrees with our resummation
calculation. Our resummation calculation predicts a smaller q⊥ value when the final state
jet is required to fall into the forward region, i.e., the signal region. We have checked that
the PYTHIA result is not sensitive to the effects from beam remnants. Furthermore, the
Y -term contribution, from NLO, is negligible in this region, cf. Fig. 1(b) and (d) (orange dot-
dashed line). Hence, we conclude that their difference most likely comes from the treatment
of multiple soft gluon radiation.
As shown in Eqs. (2.18)-(2.21), the effect of multiple gluon radiation, originated from soft
gluons connecting the initial and final state gauge links, becomes more important when the
final state jet is required to be in the forward region where the kinematic factor T ∼ ln −tˆ
sˆ
becomes large as |tˆ| → 0. Consequently, the q⊥ distribution peaks at a smaller value as
compared to the case in which the final state jet does not go into the forward region. To
illustrate this, we compare in Fig. 5 the predictions of the W -term in our resummation
calculation, cf. the first term of Eq. (2.1), with or without including the factor T in Eqs. (2.18)-
(2.21), which arises from the soft gluon interaction between the initial and final states gauge
links. The comparison was made for single top (a) and single anti-top (b) quark production
with two different |yJ | regions. It clearly shows that the color coherence effect between the
– 11 –
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Figure 4. The upper blue dashed curve shows the contribution from the second term of the right-hand
side of Eq. (3.1), the lower red dotted curve from the first term, and the black solid line shows the
total cross section, at the NLO (a, b). The ratio plots σ/σ(q⊥,0 = 1 GeV) are shown in (c, d).
initial and final state colored particles pushes q⊥ to a smaller value. Such effects become more
important when the final state jet is required to be in the forward region (3 ≤ |yJ | ≤ 4.5).
Next, we examine the effect of the incoming bottom quark mass to the q⊥ distribution.
To be consistent with the (CT14) PDFs which were determined using the S-ACOT scheme
to define heavy parton, Eq. (2.5) is used in the calculation of the W -piece. In the limit of
mb → 0, it reduces to the usual Wilson coefficient [100–102] (see Eq. (2.6)). As shown in
Fig. 6, the correct treatment of the finite bottom quark mass, with mb = 4.75 GeV, shifts the
peak of the q⊥ distribution by about 3 ∼ 4 GeV as compared to massless case.
It is also desirable to compare the rapidity distribution of the final state jet in various
calculations. Figure 7 shows the jet rapidity distributions predicted by our resummation
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Figure 5. (a)The W -piece prediction for the t-channel single top quark production (a) and anti-top
quark production (b) at the
√
S = 13 TeV LHC with |yt| < 3 and PJ⊥ > 30 GeV. The blue solid and
red dashed line represents the prediction with and without including the factor T in Eqs. (2.18)-(2.21)
with |yJ | ≤ 4.5, respectively, black solid and green dashed lines are for the 3 ≤ |yJ | ≤ 4.5. The
resummation and renormalization scales are choose as µ = µRes = µren = HT .
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Figure 6. The W -piece prediction for the single top quark production (a) and anti-top quark
production with non-zero mb (blue dashed line ) and mb = 0 (red solid line) at the
√
S = 13 TeV LHC
with |yJ | ≤ 4.5, |yt| < 3 and PJ⊥ > 30 GeV. The resummation and renormalization scales are choose
as µ = µRes = µren = HT .
calculation (blue solid line), NLO (red dashed line), PYTHIA (green solid line), and LO
calculation with CT14LO PDF (black dotted line), at the
√
S = 13 TeV LHC, with |yt| <
3 and PJ⊥ > 30 GeV. For this comparison, both the renormalization and factorization
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Figure 7. (a) The jet rapidity distribution for the t-channel single top quark production (a) and
anti-top quark production (b) from resummation prediction (blue solid line), NLO results (red dashed
line), LO calculation with CT14LO PDF (black dashed line) and PYTHIA prediction (green solid line)
at the
√
S = 13 TeV LHC with |yt| < 3 and PJ⊥ > 30 GeV.The renormalization and factorization
scales are choose as µ = µren = µF = HT in the fixed-order calculation.
Table 1. The predicted kinematic acceptances for the φ∗ cut-off in the t-channel single top quark
production at the LHC
φ∗(t) < 0.05 < 0.1 < 0.15 < 0.2 < 0.25 < 0.3
Res |yJ | < 4.5 48% 68 % 79% 86% 91% 94%
PYTHIA |yJ | < 4.5 46% 68% 81% 88% 93% 96%
Res 3 < |yJ | < 4.5 54% 72% 83% 89% 93% 96%
PYTHIA 3 < |yJ | < 4.5 46% 68% 80% 87% 92% 96%
φ∗(t¯) < 0.05 < 0.1 < 0.15 < 0.2 < 0.25 < 0.3
Res |yJ | < 4.5 48% 68% 79% 86% 90% 94 %
PYTHIA |yJ | < 4.5 48% 70% 82% 89% 93% 96%
Res 3 < |yJ | < 4.5 54% 72% 82% 88% 92% 95%
PYTHIA 3 < |yJ | < 4.5 48% 69% 81% 88% 93% 96%
scales are fixed at HT in the fixed-order calculation, while µRes = HT and µF = b0/b∗ in
the resummation calculation. Firstly, we note that the NLO QCD correction modifies the
shapes of the yJ with respect to PYTHIA prediction which is based on the leading order
matrix element calculation. The similar result was discussed in Ref. [48]. This is due to
the sizeable NLO corrections originated from gluon scattering sub-processes which generate
a large correction to the central jet rapidity region and result in different shape between the
NLO and LO results. Secondly, the differential cross section predicted by the resummation
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Figure 8. The normalized distribution of φ∗ for top quark production at the
√
S = 13 TeV LHC
with |yt| < 3 and PJ⊥ > 30 GeV. The resummation and renormalization scales are choose as µ =
µRes = µren = HT . The blue and black line represents the resummation prediction with and without
including the factor T in Eqs. (2.18)-(2.21), respectively. The red lines describe the results from
PYTHIA prediction. The blue shaded region represents the scale uncertainties which are varied from
HT /2 to 2HT .
calculation is about the same as the NLO prediction.
As discussed above, the coherence effect of gluon radiation in the initial and finals states
becomes large when the final state jet falls into more forward (or backward) direction, with a
larger absolute value of pseudorapidity. Furthermore, a different prediction in q⊥ would lead
to different prediction in the azimuthal angle between the final state jet and the top quark
moving directions measured in the laboratory frame. Both of them suggest that we could
use the well-known φ∗ distribution, for describing the precision Drell-Yan pair kinematical
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distributions [112], to test the effect of multiple gluon radiation in the t-channel single top
(anti-) quark production. The advantage of studying the φ∗ distribution is that it only
depends on the moving directions (not energies) of the final state jet and top (anti-) quark.
Hence, it might provide a more sensitive experimental observable when the final state jet falls
into forward (or backward) direction. We follow its usual definition and define
φ∗ = tan
(
pi −∆φ
2
)
sin θ∗η, (3.2)
where ∆φ is the azimuthal angle separation in radians between the jet and top quark. The
angle θ∗η is defined as,
cos θ∗η = tanh
[
ηJ − ηt
2
]
, (3.3)
where ηJ and ηt are the pseudorapidities of the jet and top quark, respectively. Here, we used
pseudorapidity, instead of rapidity, of top quark because rapidity depends on the energy of
particle.
As shown in Fig. 8, the predictions of PYTHIA and our resumamtion calculation differ
in the small φ∗ region, especially for the final state jet falls into more forward (or backward)
direction (Fig. 8(b, d)), which can be caused by a large value of ηJ − ηt. i.e., in the events
with large rapidity gap. In such region, the subleading logarithm terms in the Sudakov
factor are important in our resummation calculation. To illustrate this, we also compare
to the prediction (shown as black curves in Fig. 8) without the coherence factor T in Eqs.
(2.18)-(2.21). It shows that factor T would change φ∗ distribution significantly.
Since φ∗ is sensitive to the color structure of the signal, it could also be used to improve
the t-channel single top quark cross section measurement. In that case, a precise theoretical
evaluation of the kinematic acceptance after imposing the kinematic cuts is necessary, which
is defined as,
 ≡ σ(φ
∗ < φ0)
σ
. (3.4)
Here, σ(φ∗ < φ0) is the cross section after imposing the kinematic cuts, while σ is not.
As shown in Table 1, if we require the final state jet to be in the forward rapidity region,
with 3 ≤ |yJ | ≤ 4.5, the kinematic acceptance with φ∗ < 0.05 is larger by about 15% for
top quark and 11% for anti-top quark in our resummation calculation than the PYTHIA
prediction. For φ∗ < 0.1, they differ by about 6% for top quark and 4% for anti-top quark,
and our resummation calculation predicts a larger total fiducial cross section. Currently, the
ATLAS and CMS Collaborations have measured the t-channel single top quark at the 13
TeV LHC, the uncertainty is around 10% [44, 113]. If the φ∗ observable is used to further
suppress backgrounds and enhance the signal to backgrounds ratio, the difference found in our
resummation and PYTHIA calculations of the fiducial cross section could become important.
This will lead to, for example, different conclusion about the constraints on various Wtb
anomalous couplings, induced by New Physics, or the measurement of Vtb [12, 19].
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4 Conclusions
In this paper, we studied the q⊥ resummation effects for the t-channel single top quark produc-
tion at the LHC based on the TMD factorization theorem. The large logarithm ln(Q2/q2⊥)
was resummed by renormalization group evolution. In order to validate our resummation
formula, we expand it to the NLO to obtain the singular terms and compare the transverse
momentum distributions at the NLO level. It shows perfect agreement in the small q⊥ region.
We also calculate the NLO total cross section based on the resummation framework, and our
results are in perfect agreement with MCFM.
We then perform the calculation of the q⊥ distribution at NLL accuracy, and compare
them with predictions from PYTHIA. It shows that the Sudakov peak in this process is
sensitive to the soft gluon interaction between the initial and final states, and the bottom
quark mass. Furthermore, we find the shape of q⊥ spectrum from the our resummation
calculation agrees well with PYTHIA results when the final state jet is allowed to fall into the
full rapidity region, but there is a large deviation when the final state jet is required to be in
the forward (or backward) region. The rapidity distribution of the final state jet in various
calculation are also discussed. We note that the NLO QCD correction modifies the shapes
of the yJ with respect to the PYTHIA and LO predictions, and the resummation calculation
presented in this work is at the NLO-NLL accuracy.
Finally, we propose to measure the experimental observable φ∗, similar the one used in
analyzing the precision Drell-Yan data, to perform precision test of the SM in the production
of the t-channel single top events at the LHC. It shows the predictions of PYTHIA and
our resummation calculation differ in the small φ∗ region, especially when the final state
jet falls into more forward (or backward) region. The difference found in our resummation
and PYTHIA calculations of the fiducial cross section could become important if φ∗ is used
to further suppress the backgrounds in order to determine the CKM mixing-matrix element
Vtb or to probe new physics effect through measuring the Wtb couplings in the t-channel
single-top events produced at hadron colliders.
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